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Abstrat
We lassify the unitary, renormalizable, Lorentz violating quantum eld theories of interating salars
and fermions, obtained improving the behavior of Feynman diagrams by means of higher spae derivatives.
Higher time derivatives are not generated by renormalization. Renormalizability is ensured by a weighted
power ounting riterion. The theories ontain a dimensionful parameter ΛL, yet a set of models are
lassially invariant under a weighted sale transformation, whih is anomalous at the quantum level.
Formulas for the weighted trae anomaly are derived. The renormalization-group properties are studied.
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1 Introdution
The set of power-ounting renormalizable theories is onsiderably restrited by the assumptions of
unitarity, loality, ausality and Lorentz invariane. If we relax one or some of these assumptions
we an enlarge the set of renormalizable theories. However, usually the enlargement is too wide.
For example, there exist an innite set of renormalizable nonunitary theories. Improving the
behavior of propagators at large momenta with the help of higher-derivative kineti terms [1℄ it is
possible to dene a renormalizable higher-derivative version of every theory, inluding gravity [2℄.
Relaxing loality an in priniple make every theory renormalizable, smoothing away the small
distane singularities that originate the UV divergenes [3℄. Unitarity violations due to higher
derivatives an in some ases be traded for ausality violations [4, 5℄.
The purpose of this paper is to investigate the issue of renormalizability in the presene of
Lorentz violations, while preserving both loality and unitarity. The UV behavior of propagators
is improved with the help of higher spae derivatives. It is proved that, under ertain onditions,
renormalization does not turn on terms with higher time derivatives, thus preserving unitarity.
Renormalizability follows from a modied power-ounting riterion, whih weights time and spae
dierently. The set of onsistent theories is still very restrited, yet onsiderably larger than the
set of Lorentz invariant theories. Renormalizable models exist in arbitrary spaetime dimensions.
The quadrati terms that ontain higher spae derivatives, as well as ertain verties, are
multiplied by inverse powers of a sale ΛL. Despite the presene of the dimensionful parameter
ΛL ertain models have a weighted sale invariane, whih is anomalous at the quantum level.
The weighted trae anomaly is worked out expliitly.
In this paper we onentrate on salar and fermion theories, leaving the study of gauge theo-
ries and gravity to separate publiations. Lorentz violating models with higher spae derivatives
might be useful to dene the ultraviolet limit of theories that are otherwise nonrenormalizable,
inluding quantum gravity, and allow to remove the divergenes with a nite number of indepen-
dent ouplings. Other domains where the models of this paper might nd appliations are Lorentz
violating extensions of the Standard Model [6℄, eetive eld theory [7℄, renormalization-group
(RG) methods for the searh of asymptotially safe xed points [8℄, nonrelativisti quantum eld
theory for nulear physis [9℄, ondensed matter physis and the theory of ritial phenomena
[10℄. Certain ϕ4-models that fall in our lass of renormalizable theories are useful to desribe the
ritial behavior at Lifshitz points [11℄ and have been widely studied in that ontext [12℄, with a
variety of appliations to real physial systems. Eets of Lorentz and CPT violations on stabil-
ity and miroausality have been studied [13℄, as well as the indution of Lorentz violations by
the radiative orretions [14℄. The renormalization of gauge theories ontaining Lorentz violating
terms has been studied in [15℄. For a reent review on astrophysial onstraints on the Lorentz
violation at high energy see ref. [16℄.
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The paper is organized as follows. In setion 2 we study the renormalizability of salar the-
ories, while in setion 3 we inlude the fermions. In setion 4 we analyze the divergent parts
of Feynman diagrams and their subtrations. We prove the loality of ounterterms and study
the renormalization algorithm to all orders. The one-loop divergenes are omputed expliitly.
In setion 5 we analyze the renormalization struture and the renormalization group. In setion
6 we study the energy-momentum tensor, the weighted sale invariane and the weighted trae
anomaly. In setion 7 we generalize our results to nonrelativisti theories. Setion 8 ontains
the onlusions. In the appendies we ollet more observations about the anellation of sub-
divergenes and the loality of ounterterms, and some expressions of Eulidean propagators in
oordinate spae.
Preliminaries. We use the dimensional-regularization tehnique whenever possible. Sine the
analysis of divergenes is the same in the Eulidean and Minkowskian frameworks, we write our
formulas diretly in the Eulidean framework, whih is more expliit. Yet, with an abuse of
language, we still speak of Lorentz symmetry, sine no onfusion is expeted to arise.
We rst onsider models where the d-dimensional spaetime manifold Md is split into the
produt Mbd ⊗Md of two submanifolds, a d̂-dimensional submanifold Mbd, ontaining time and
possibly some spae oordinates, and a d-dimensional spae submanifold Md. Lorentz and rota-
tional symmetries in the two submanifolds are assumed. This kind of splitting ould be useful
to desribe spei physial situations (for example the presene of a non isotropi medium in
ondensed matter physis), but here it is mainly used as a starting point to illustrate our argu-
ments in onrete examples. Indeed, most Lorentz violating theories ontain a huge number of
independent verties, so it is onvenient to begin with models where unneessary ompliaies
are redued to a minimum. The extension of our onstrution to the most general ase, whih is
rather simple, will be desribed later. In the same spirit, a number of disrete symmetries, suh
as parity, time reversal, ϕ→ −ϕ, et., are often assumed.
To apply the dimensional-regularization tehnique, both submanifolds have to be ontinued
independently. The total ontinued spaetime manifold MD is therefore split into the produt
M bD⊗MD, where D̂ = d̂− ε1 and D = d− ε2 are omplex and D = D̂+D. Eah momentum p is
split into rst omponents p̂, whih live in M bD, and seond omponents p, whih live in MD:
p = (p̂, p). The spaetime index µ is split into hatted and barred indies: µ = (µ̂, µ). Notations
suh as p̂bµ, p̂µ and pbµ refer to the same objet, as well as pµ, pµ, pµ. Frequently, Latin letters are
used for the indies of the barred omponents of momenta. Finally, △ ≡ ∂i∂i.
We say that Pk,n(p̂, p) is a weighted polynomial in p̂ and p, of degree k and weight 1/n, where
k is a multiple of 1/n, if Pk,n(ξ
np̂, ξp) is a polynomial of degree kn in ξ. Clearly,
Pk1,n(p̂, p)Pk2,n(p̂, p) = Pk1+k2,n(p̂, p).
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We say that Hk,n(p̂, p) is a homogeneous weighted polynomial in p̂ and p, of degree k and weight
1/n, if Hk,n(λp̂, λ
1/np) = λkHk,n(p̂, p). It is straightforward to prove that a weighted polynomial
Pk,n of degree k an be expressed as a linear ombination of homogeneous weighted polynomials
Hk′,n of degrees k
′ ≤ k.
2 Renormalizability by weighted power ounting
In this setion we lassify the renormalizable Lorentz violating salar eld theories that an be
onstruted with the help of quadrati terms ontaining higher spae derivatives and prove that
renormalization does not generate higher time derivatives.










where ΛL is an energy sale. Up to total derivatives it is not neessary to speify how the 2n
derivatives ∂ ontrat among themselves. The n of (2.1) should be understood as the highest






ϕ)2, m < n, (2.2)
ould be present, or generated by renormalization. They are weighted monomials of degrees
< 2 and weight 1/n. For the purposes of renormalization, it is onvenient to onsider suh
terms as interations (two-leg verties) and treat them perturbatively. Indeed, the ounterterms
depend polynomially on the parameters am, beause when the integral assoiated with a graph is
dierentiated a suient number of times with respet to the am's it beomes overall onvergent.
The am-polynomiality of ounterterms generalizes the usual polynomiality in the masses. Thus
we an assume that the propagator is dened by (2.1) and treat every other term as a vertex.
Then the propagator is the inverse of a weighted homogeneous polynomial of degree 2 and weight
1/n. The oeient of the term (∂
n
ϕ)2 must be positive, to have an ation bounded from below
in the Eulidean framework or, equivalently, an energy bounded from below in the Minkowskian
framework.
Label the verties that have N ϕ-legs with indies α, to distinguish dierent derivative stru-
tures. Eah vertex of type (N,α) denes a monomial in the momenta of the elds. Denote the
weighted degree of suh a monomial by δ
(α)
N . A vertex with p1 derivatives ∂̂, p2 derivatives ∂ and






and its weighted degree is
δ
(α)





Consider a Feynman graph G made of L loops, E external legs, I internal legs and v
(α)
N verties




















where p are the loop momenta, k are the external momenta, P
(i)
−2,n are the propagators, whih
have weighted degree −2, and V
(j)
δj ,n
are the verties, with weighted degrees δj . The integral
measure d
bDp̂ dDp is a weighted measure of degree ≡ D̂ + D/n. Performing a resaling
(k̂, k) → (λk̂, λ1/nk), aompanied by an analogous hange of variables (p̂, p) → (λp̂, λ1/np),












By the loality of ounterterms, one the subdivergenes of G have been indutively subtrated
away, the overall divergent part of G is a weighted polynomial of degree








in the external momenta, where ≡ d̂+ d/n. The usual relations






allow us to write




















The theory is i) renormalizable, if it ontains all verties with δ
(α)
N ≤ d(N), and only those:
ω(G) does not inrease when the number of verties inreases; ii) super-renormalizable, if it
ontains all verties with δ
(α)
N < d(N), and only those: ω(G) dereases when the number of
verties inreases; iii) stritly-renormalizable, if it ontains all verties with δ
(α)
N = d(N), and
only those: ω(G) does not depend on v
(α)
N ; iv) nonrenormalizable, if it ontains some verties
with δ
(α)
N > d(N): ω(G) inreases when the number of those verties inreases.
The verties with δ
(α)
N = d(N) are alled weighted marginal, those with δ
(α)
N < d(N) are
alled weighted relevant and those with δ
(α)




N annot be negative. Moreover, polynomiality demands that there must exist
a bound Nmax on the number of legs that the verties an ontain. It is easy to show that these
requirements are fullled if and only if
 > 2 (2.6)







where [x] denotes the integral part of x. The existene of nontrivial interations (Nmax ≥ 3)
requires  ≤ 6, while the existene of nontrivial even interations (Nmax ≥ 4) requires  ≤ 4.
To omplete the proof of renormalizability, observe that when δ
(α)
N ≤ d(N) the weighted degree
of divergene ω(G) of a graph G satises
ω(G) ≤ d(E). (2.8)
The inequality (2.6) ensures also that ω(G) dereases when the number of external legs inreases.
Finally, sine the verties that subtrat the overall divergenes of G are of type (E,α) with δ
(α)
E =
ω(G), it is straightforward to hek that the lagrangian ontains all needed verties. Indeed, (2.8)
oinides with the inequality satised by δ
(α)
E .
Now we prove that the renormalizable models just onstruted are perturbatively unitary, in
partiular that no higher time derivatives are present, both in the kineti part and in the verties,
and no higher time derivatives are generated by renormalization. Indeed, a lagrangian term with
higher time derivatives would have δ
(α)
N ≥ 2 for N > 2 or δ
(α)
2 > 2 (terms with N = 1 need not be
onsidered, sine they annot ontain derivatives). This annot happen in a renormalizable theory,
beause (2.6) and δ
(α)
N ≤ d(N) imply δ
(α)
N ≤ 2 in general and δ
(α)
N < 2 for N > 2. In partiular,
true verties (N > 2) annot ontain any ∂̂-derivative at all, beause invariane under the redued
Lorentz and rotational symmetries of M bD and MD exlude also terms ontaining an odd number
of ∂̂'s or an odd number of ∂'s. Similar onlusions apply to the ounterterms, beause of (2.8).
Therefore, renormalization does not turn on higher time derivatives, as promised.
Weighted sale invariane. The stritly renormalizable models have the δ
(α)
N = d(N). Their
































denotes a basis of lagrangian terms onstruted with N elds ϕ and nd(N)
∂-derivatives ating on them, ontrated in all independent ways, and λ(N,α) are dimensionless
ouplings.
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In the physial spaetime dimension d = d̂ + d (the ontinuation to omplex dimensions will
be disussed later) the lassial theories with lagrangians L
(bd,d)
are invariant under the weighted
dilatation
xˆ→ xˆ e−Ω, x¯→ x¯ e−Ω/n, ϕ→ ϕ eΩ(/2−1), (2.10)
where Ω is a onstant parameter. Eah lagrangian term sales with the fator , ompensated by
the saling fator of the integration measure d
dx of the ation.
We all the models (2.9) homogeneous. Homogeneity is preserved by renormalization, namely
there exists a subtration sheme in whih no lagrangian terms of weighted degrees smaller than
d(N) are turned on by renormalization. This fat is evident using the dimensional-regularization
tehnique. Indeed, when δ
(α)
N = d(N), the equality in (2.8) holds, so ω(G) = d(E) = δ
(α)
E .
The weighted sale invariane (2.10) is anomalous at the quantum level. The weighted trae
anomaly and its relation with the renormalization group are studied in setion 6.
Nonhomogeneous theories are those that ontain both weighted marginal and weighted rel-
evant verties. In these ases the weighted dilatation (2.10) is expliitly broken by the super-
renormalizable verties, and dynamially broken by the anomaly.
Let us analyze some expliit examples, starting from the homogeneous models.
Homogeneous models. We begin with the ϕ4-theories. Setting Nmax = 4 in (2.7) we get
10
3
<  ≤ 4. (2.11)
One solution with = 4 is the usual Lorentz-invariant ϕ4-theory in four dimensions (d̂ = d = 2,











in six dimensions, with d̂ = 2, d = 4. The ϕ4-theories with n = 2 are used to desribe the ritial
behavior at Lifshitz points [11, 12℄.
It is lear that (2.11) admits innitely many solutions for eah value of . For example, given
a solution, suh as (2.12), innitely many others are obtained multiplying d and n by a ommon

















In general, for every Lorentz-invariant renormalizable theory there exists an innite family of
Lorentz-violating renormalizable theories.
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Let us now onentrate on four dimensions. The spaetime manifold an be split as (d̂, d) =




























For d̂ = 2 we get Nmax = 2 (n+ 1): every integer n > 1 denes a nontrivial solution in this ase.

































































when n is even. Observe that (2.16) inludes the Lorentz-invariant ϕ6-theory in three spaetime
dimensions, whih is the ase n = 1.







The solution with n = 2 has Nmax = 4. However, this solution is trivial, sine its unique vertex
would have just one ∂-derivative. Instead, for every n ≥ 3, Nmax is equal to 5. For example, the















































Nonhomogeneous models. Nonhomogeneous theories an be obtained from the homogeneous
ones adding all super-renormalizable terms, whih are those that satisfy the strit inequality
δ
(α)












































Splitting the spaetime manifold into the produt of more submanifolds. Instead of
splitting the spaetime manifold into two submanifolds, we an split it into the produt of more
submanifolds, eventually one for eah oordinate. This analysis overs the most general ase. We
still need to distinguish a d̂-dimensional submanifold Mbd ontaining time from the di-dimensional
spae submanifolds Mdi , i = 1, . . . ℓ, so we write




Denote the spae derivatives in the ith spae subsetor with ∂i and assume that they have weights








where P2(∂i,ΛL) is the most general weighted homogeneous polynomial of degree 2 in the spatial
derivatives, P2(λ
1/ni∂i,ΛL) = λ
2P2(∂i,ΛL), invariant under rotations in the subspaes Mdi . The
ΛL-dependene is arranged so that P2 has dimensionality 2. The previous analysis an be repeated








Edge renormalizability. By edge renormalizable theories we mean theories where renormal-
ization preserves the derivative struture of the lagrangian, but the powers of the elds are un-
restrited. With salars and fermions, suh theories ontain arbitrary funtions of the elds and
therefore innitely many independent ouplings. The notion of edge renormalizability is interest-
ing in the perspetive to study gravity. Indeed, Einstein gravity is an example of theory where all
verties have the same number of derivatives, but are nonpolynomial in the utuation around
9
at spae. Yet, dieomorphism invariane ensures that the number of invariants with a given
dimensionality in units of mass is nite. Therefore, in quantum gravity a polynomial derivative
struture is suient to redue the arbitrariness to a nite set of independent ouplings.
Edge renormalizable theories are those where ω(G) does not derease when E inreases, rather
it is independent of E. By formula (2.8) this means = 2 (Nmax = ∞), in whih ase ω(G) is
always equal to 2. Sine = 2, d̂ an be either 0 or 1. The theories with d̂ = 0 ontain higher
time derivatives, so they are not unitary. Thus we must take d̂ = 1. The homogeneous theory in
four dimensions has lagrangian


























where the Vi's are unspeied funtions of ϕ with V1(ϕ) = O(ϕ), V4(ϕ), V7(ϕ), V8(ϕ), V9(ϕ) =
O(ϕ2).



















and LI equal to (2.19) plus





with V11(ϕ), V12(ϕ) = O(ϕ
2), V13(ϕ) = O(ϕ).
3 Inlusion of fermions
In this setion we lassify the models of interating fermions and salars. We start from pure









where n is the maximal number of ∂-derivatives. The propagator










is, in momentum spae, a weighted funtion of degree −1. The loop-integral measure is, as usual,
a weighted measure of degree . For the purposes of renormalization, the kineti terms with fewer
than n ∂-derivatives an be treated as verties.
Label the verties that have 2N ψ-ψ -legs by means of indies α and denote their weighted
degree with δ
(α)
N . Consider a diagram G with 2E external ψ-ψ -legs, onstruted with v
(α)
N verties
of type (N,α). One the subdivergenes have been subtrated away, its overall divergene is a
weighted polynomial of degree









N −  (1−N)−N
]
in the external momenta. Renormalizability demands
δ
(α)
N ≤  (1−N) +N ≡ dF (N). (3.1)
Polynomiality demands
 > 1,







Pure fermioni homogeneous models have stritly renormalizable verties, namely those with
δ
(α)
N = dF (N). Their lagrangian has the form




























denotes a basis of lagrangian terms onstruted with N elds ψ, N elds
ψ and ndF (N) ∂-derivatives, invariant under the redued Lorentz symmetry. For simpliity, we
an assume also invariane under parities in both portions of spaetime.
Let us onentrate on four spaetime dimensions. The Lorentz split (1, 3) gives Nmax =
1 + [n/3], whih admits innitely many nontrivial solutions, beginning from n = 3. For example,














































respetively. The Lorentz splits (2, 2) and (3, 1) do not admit nontrivial solutions, sine Nmax = 1
in those ases.
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Now we study the models ontaining oupled salars and fermions. It is important to note that
when dierent types of elds are involved, they must have the same n. We lassify the verties
with labels (Nψ, Nϕ, α), where 2Nψ is the number of ψ-ψ -legs, Nϕ is the number of ϕ-legs and α








verties of type (Nψ , Nϕ, α). One the subdivergenes have been subtrated away,
the overall divergent part of G a is a weighted polynomial of degree










































(− 2) ≤ .
Polynomiality demands > 2.



























In four dimensions the splitting (1, 3) has a unique nontrivial solution, whih is the model (2.14)





























The splitting (2, 2) admits innitely many solutions. The simplest one is the theory with
n = 2, symmetri under ϕ↔ −ϕ, that ouples (2.15) to fermions:



















The splitting (3, 1) admits, again, innitely many solutions.
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4 Renormalization
In this setion we study the struture of Feynman diagrams, their divergenes and subdivergenes,
and the loality of ounterterms. For deniteness, we work with salar elds, but the onlusions
are general.
One-loop. Consider the most general one-loop Feynman diagram G, with E external legs, I
internal legs and v
(α)
N verties of type (N,α) and weighted degree δ
(α)
N . Colletively denote the
external momenta by k. The divergent part of G an be alulated expanding the integral in



























To avoid infrared problems we insert a mass m in the denominators. For the purposes of renor-
malization, it is not neessary to think of m as the real mass. It an be onsidered as a titious
parameter, introdued to alulate the divergent part of the integral and set to zero afterwards.
The real mass, as well as the other parameters am of (2.2), an be treated perturbatively, so they
are inluded in the set of verties.
From the weighted power-ounting analysis of setion 2 we know that the numerator of (4.1),
namely
p̂µ1 · · · p̂µ2r pj1 · · · pj2s k̂ν1 · · · k̂νu ki1 · · · kiv ,
is a weighted monomial Pq,n(p̂, k̂; p, k) of weight 1/n and degree









































































are appropriately normalized ompletely symmetri tensors onstruted
with the Kroneker tensors of M
bD






















































The fator 1/n is due to the Jaobian determinant of the transformation (4.3). The singularities
our for


















The ounterterms are a Pu+v/n,n(k̂, k):
1
ε




Thus (4.5) ensures that the divergent terms an be subtrated away renormalizing the elds
and ouplings of the initial lagrangian. Observe that while the poles are proportional to 1/ε, the
residues of the poles an depend on ε1 and ε2 separately. We know that taking a suient number
of derivatives with respet to the masses, the external momenta and the parameters am of (2.2),
the integral beomes onvergent. Therefore, the nite parts are regular in the limits ε1, ε2 → 0,
whih an be safely taken in any preferred order. Objets suh as ε1/ε and ε2/ε multiply only loal
terms, so they parametrize dierent sheme hoies and never enter the physial quantities. These
observations generalize immediately to all orders. We dene the minimal subtration shemes as
the shemes where
ε1 = αε, ε2 = n(1− α)ε,
with α=onstant, and only the pure poles in ε are subtrated away, with no nite ontributions.
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Overall divergenes and subdivergenes. Before onsidering Lorentz violating theories to
all orders in the loop expansion it is onvenient to briey review the usual lassiation of diver-







Q(p(1), . . . , p(L); k)
with Lorentz invariant propagators 1/(p2 + m2), where k denotes the external momenta. The
ultraviolet behavior of I(k) is studied letting any (sub)set of the momenta p(1), . . . , p(L) tend to
innity with the same veloity. Proper subsets of the momenta test the presene of subdivergenes,
while the whole set tests the presene of overall divergenes. i) When any subonvergene fails,
ounterterms orresponding to the divergent subdiagrams have to be inluded to subtrat the
subdivergenes. ii) One all subdivergenes are removed, the subtrated integral Isub(k) an
still be overall divergent. Taking an appropriate number M of derivatives with respet to the
external momenta k the integral ∂Mk Isub(k) beomes overall onvergent. This proves the loality
of ounterterms.
The overlapping divergenes an be tested sending momenta to innity with dierent veloities.
For example, resale p1, . . . , pL as λp1, . . . , λpl, λ
2pl+1, . . . , λ
2pL. This test, however, is already
overed by the previous ones, sine there is always a (sub)set sfast of momenta tending to innity
with maximal veloity. In the example just given, sfast = (pl+1, . . . , pL). The other momenta
sslow grow slower, so they an be onsidered xed in the rst analysis and taken to innity at a
seond stage. Weinberg's theorem [18℄ ensures that when sfast tends to innity the behavior of
the relevant subintegral is governed by power ounting and an generate logarithmi orretions
depending on the momenta of sslow. Then, when sslow tends to innity the behavior of the integral
over sslow is still governed by power ounting, beause the orretions due to the integrals over
sfast do not aet the powers of the momenta sslow. Thus the power-ounting analysis done in
steps i) and ii) sues.
Now we generalize the analysis to Lorentz violating theories. We say that the omponents p̂
and p of eah momentum are resaled with the same weighted veloity when
p̂→ λp̂, p→ λ1/np.
Step i) is modied studying the onvergene when any subset of momenta tend to innity with the
same weighted veloity. Whenever a subonvergene fails the ounterterms assoiated with the
divergent subdiagrams have to be inluded. One the subdivergenes are subtrated away, step
ii) onsists of taking an appropriate number of weighted derivatives (see below) with respet to
the external momenta, to eliminate the overall divergenes. It is easy to hek that this proedure
automatially takes are of the overlapping divergenes.
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fν1···νu,i1···iℓ−nu k̂ν1 · · · k̂νu ki1 · · · kiℓ−nu
is a weighted homogeneous polynomial of degree ℓ/n:
f (ℓ)(λk̂, λ1/nk) = λℓ/nf (ℓ)(k̂, k).
The ℓ-th weighted derivatives with weight 1/n are the oeients fν1···νu,i1···iℓ−nu .
The weighted Taylor expansion is useful to subtrat the overall divergenes. The overall-












Q(ℓ)(p̂, p; k̂, k)
]
,
where Q(ℓ) denotes the ℓ-th homogeneous polynomial of the weighted Taylor expansion of Q in
k̂, k.
Subtration algorithm. Consider an L-loop diagram with V verties and I propagators. The

















QG(p̂, p, k), (4.6)
where p̂ and p olletively denote the omponents of the momenta irulating in the loops, while
k = (k̂, k) olletively denotes the external momenta. The overall degree of divergene of I is
ω(G) = dQ+L.
The subtration of divergenes an be arranged aording to the following table:
QG(p̂, p; k̂, k) −
∑















γ (p̂, p; k̂, k)
(4.7)
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Here Γ denotes the set of divergent subdiagrams γ of the diagram G. The rational funtion Qγ is
obtained replaing the subintegrand with the appropriate, trunated, weighted Taylor expansion
in the external momenta of γ. In the arrangement of (4.7) subdivergenes are subtrated row-wise.
Overall divergenes are subtrated olumn-wise.
A potential aveat omes from ertain extra subdivergenes,those that our when a subdi-
agram γ′ is onvergent in QG, but beomes divergent in one of the Qγ 's. Then γ
′
does not belong
to Γ, so its subdivergene is not subtrated row-wise. Nevertheless, it is easy to show that the
extra subdivergenes are automatially subtrated olumn-wise in (4.7). Details and an expliit
example are given in appendix A.
Thus, one the subdivergenes have been subtrated away, the divergent part of every Feynman
diagram is a weighted polynomial of degree ω(G) (seond row of (4.7)) and an be removed
renormalizing the lagrangian (2.18).
5 Renormalization struture and renormalization group
In this setion we study the renormalization group. We illustrate it rst in the = 4 models























ϕ ϕ, ΛLB = ZΛΛL, λB = λµ




Observe that = 4−ε. The weighted sale invariane (2.10) an be extended to a transformation
that resales also µ:
xˆ→ xˆ e−Ω, x¯→ x¯ e−Ω/n, ϕ→ ϕ eΩ(−2)/2, µ→ µeΩ. (5.3)
The invariane under this transformation is not a symmetry. It just tells us that at the quantum
level the weighted sale invariane (2.10) is equivalent to a µ-resaling. What is important in
(2.10) and (5.3) is that ΛL is unmodied. Beause of (5.3), every renormalization onstant in
(5.2) is just a funtion of λ (otherwise it ould also depend on evanesent powers of the ratio




= β̂λ = −ελ+ β(λ).
The niteness of β̂λ proves that all poles ontained in Zλ are inverse powers of ε.
In more detail, let us onsider the ontribution of a graph G with E external legs, I propa-
gators and V verties to the generating funtional of one-partile irreduible diagrams. Suh a
17

















+ E − 4V,
while its weighted degree is























Realling that I is invariant under the weighted sale transformation (5.3), we nd that G trans-
forms as
G→ eΩω(G)G. (5.4)
One the subdivergenes have been indutively subtrated away, the divergent part Gdiv is a
weighted polynomial of degree 4−E in the external momenta. Mathing the dimensionality and
the weighted resaling (5.4) we nd




where P4−E,n(∂̂, ∂; ΛL) is a homogeneous weighted polynomial of degree 4−E and dimensionality












L [P4−E,n(∂̂, ∂; ΛL)]ϕ
E ,
where [P ] means that the derivatives ontained in P at on the salar legs ϕE as appropriate. In





























The Callan-Symanzik equation has the same form as usual. Calling













Gk(x̂1, · · · , x̂k;x1, · · · , xk;λ,ΛL, µ) = 0. (5.5)
The equation an be immediately integrated to give
Gk(x̂1, · · · , x̂k;x1, · · · , xk;λ,ΛL, ξµ) = z
−k(t)Gk(x̂1, · · · , x̂k;x1, · · · , xk;λ(t),ΛL(t), µ),



















with λ(0) = λ. Now the renormalization-group ow speies how the orrelation funtions hanges
under a weighted overall resaling. Indeed, the weighted sale invariane (5.3)-(5.4) tells us that
Gk(x̂1, · · · , x̂k;x1, · · · , xk;λ,ΛL, ξµ) = ξ
k(−2)/2Gk(ξx̂1, · · · , ξx̂k; ξ
1/nx1, · · · , ξ
1/nxk;λ,ΛL, µ).




+O(λ3), γϕ = O(λ
2), ηL = O(λ
2),
so these models are IR free. Only the beta funtion has a nonvanishing one-loop ontribution.
Indeed, using the dimensional-regularization tehnique tadpoles vanish in homogeneous models,
so γϕ and ηL start from two loops.
























ϕ ϕ, ΛLB = ZΛΛL, λ4B = µ
ε (λ4 +∆4) , λ6B = µ




The theory is invariant under the sale transformation (5.3) with n = 2. At one-loop we nd












so the beta funtions read
β̂4 = −ελ4 +
5λ24
2(12π)2















where t = ln |x|µ and |x| is a typial weighted sale of the proess. Sine λ4 and λ6 must be
nonnegative, the theory is IR free.
6 Weighted trae anomaly
The weighted sale invariane (2.10) of the homogeneous models an be anomalous due to the
radiative orretions. In this setion we alulate the weighted trae anomaly, following [19℄. For
deniteness, we work with the model (2.12), but the disussion generalizes immediately to the
other models.
Weighted dilatation. In the ase of the model (2.12), write the lagrangian as L(ϕ, ∂̂µϕ,△ϕ).
The innitesimal version of the transformation (2.10) reads
δϕ = Ω
(






with Ω≪ 1. The onserved Noether urrent Jµ = (Ĵµ, J
µ
















We ontinue the spaetime dimensions to omplex values as explained in setion 1. The ontinued













(see (5.3)), where = 4−ε. At the bare level, the anomaly of (6.1) is expressed by the divergene









Improved energy-momentum tensor and its weighted trae. The anomaly of the weighted
dilatation is enoded also in the energy-momentum tensor, preisely in its weighted trae. Let










This tensor is not symmetri, but onserved: it is easy to hek that ∂µTµν = 0, using the eld



























πµα (ϕπανϕ) . (6.4)
where π̂µν = ∂̂µ∂̂ν − δ̂µν ∂̂
2
and πµν = ∂µ∂ν − δµν∂
2
. The rst three terms of (6.4) orrespond
to the Noether tensor (6.3), while the rest ollets the improvement terms, identially onserved.
Dene the weighted trae




Using the eld equations, it is easy to show that T˜µν is onserved and that its weighted trae
Θ vanishes in the physial spaetime dimension d = d̂ + d. Moreover, T˜µν is onserved also in
the ontinued spaetime dimension. The oeients of the improvement terms are hosen so
that in the free-eld limit Θ vanishes also in the ontinued dimension D = D̂ + D. Finally, it
is straightforward to hek that the weighted trae Θ oinides with the divergene (6.2) of the
urrent J ′µ.
Anomaly. We need to write Θ in terms of renormalized operators. When we dierentiate a
renormalized orrelation funtion with respet to λ or ΛL we obtain a renormalized orrelation
funtion ontaining additional insertions of −∂S/∂λ or −∂S/∂ΛL, respetively. Thus, −∂S/∂λ
and −∂S/∂ΛL are renormalized operators. Following a standard proedure [19℄ we an nd whih
operators O they are the renormalized versions of. In the minimal subtration sheme, it is
suient to express the renormalized operators as bare operators OB plus poles. Shematially,
finite = OB + poles ⇒ finite = [O].


































































The result agrees with the Callan-Symanzik equation (5.5), whih an be expressed as〈∫





























+ · · ·
)
ϕ+ ζϕ2△ϕ2 + · · ·+ λ(ϕϕ)2 + · · ·
so the theory is more divergent. The dimensional-regularization is not easy to use, sine there
is no simple way to ontinue the single-derivative term ϕ∂̂ϕ to omplex dimensions. Thus we
assume an ordinary ut-o regularization.
The propagator is dened by the term ϕ∂̂ϕ plus the lagrangian quadrati term with the highest









For the purposes of renormalization, the other quadrati terms, if present, an be treated per-
turbatively, as explained in setion 2. Thus the nonrelativisti propagator is the inverse of a ho-
mogeneous weighted polynomial of degree 1 and weight 1/n. The integral measure has weighted
degree = 1+(d− 1)/(2n). A Feynman diagram G with E total external legs, I propagators and
v
(α)
N N -leg verties of weighted degrees δ
(α)
N is a weighted funtion of degree




























































whih ensures also that ω(G) dereases when the number of external legs inreases. The maximal












so by (7.1) the type of vertex that subtrats the divergene of G is already present in the la-
grangian, whih proves renormalizability. No terms with more than one time derivative are turned
on by renormalization.
Let us now see some examples of homogeneous models, beginning from the ϕ4-theories. Setting
Nmax = 4 in (7.2) we get
5
3
<  ≤ 2.





















In partiular, we see that there exist four-dimensional (n = 3) nonrelativisti renormalizable



















In this paper we have lassied the unitary Lorentz violating renormalizable quantum eld theories
that an be obtained improving the UV behavior of propagators with the help of higher spae
derivatives. The removal of divergenes is governed by a weighted power-ounting riterion. If
the lagrangian has an appropriate form, time derivatives are proteted, in the sense that no
higher time derivatives are turned on by renormalization. The so-dened theories are unitarity,
but have modied dispersion relations. We have studied their main properties, inluding the
renormalization group ow and the weighted trae anomaly.
Natural extensions of this work are those that aim to inlude gauge elds and gravity. Pos-
sible appliations range from high-energy physis, eetive eld theory, nulear physis and the
theory of ritial phenomena. In the high-energy physis domain, it would be interesting to
explore the work-hypothesis that Lorentz invariane is violated at very high energies, to dene
the ultraviolet limit of quantum gravity, or study new types of Lorentz invariant extensions of
the Standard Model. It would also be interesting to embed the weighted sale invariane into a
weighted onformal group, generalizing the Galilean onformal group that haraterizes a lass
of nonrelativisti theories [20℄.
Appendix A: extra subdivergenes
In this appendix we give more details on the extra subdivergenes mentioned in setion 4. By
onstrution, every row of table (4.7) is free of ordinary subdivergenes, namely those originated
by the subdiagrams γ. Every olumn is free of overall divergenes. Extra subdivergenes are
those that our when a subdiagram γ′ is onvergent in QG, but beomes divergent in one of the
Qγ 's, after replaing γ with its ounterterms. Here we prove that the extra subdivergenes are
automatially subtrated olumn-wise.
It is useful to have an expliit example in mind, suh as the two-loop diagram depited in g.
1, in the four dimensional ϕ4-theory. The diagram is the p-q integral of
QG =
1
(p2 +m2) [(p− k)2 +m2]
1
(q2 +m2) [(q + p+ k′)2 +m2]
.
The p-integral is onvergent, the q-integral is not. The q-subdivergene is subtrated by
−Qγ = −
1




In this expression, however, the p-integral is divergent. This divergene is what we all an extra












Figure 1: Simple example of diagram that generates an extra subdivergene
In the general ase, assume that the subdiagram γ ontains l loops and that Qγ ontains
some extra subdivergenes. The extra subdivergenes an be overall or not. We all them overall
if they arise letting all of the remaining L − l loop momenta tend to innity. They are not
overall if they arise letting only a subset of the remaining L − l loop momenta tend to innity.
Proeeding indutively, we an assume that the non-overall extra subdivergenes have already
been subtrated away. Thus, we need to onsider only the overall extra subdivergenes. It is not
diult to see that they are subtrated olumn-wise in (4.7). Indeed, as in (A.1), the integrands
that generate extra overall subdivergenes fatorize (or split into a sum of terms eah of whih
fatorizes): one fator is responsible for the extra subdivergene (see the rst fator of −Qγ in
(A.1)), while the other fator is the γ-ounterterm (see the seond fator of −Qγ in (A.1)). The
seond fator is the same throughout the olumn. Thus, the olumn subtrats away the overall
divergene of the rst fator, whih is preisely the extra subdivergene. Reapitulating, the rows
are free of ordinary subdivergenes and the olumns are free of extra subdivergenes and overall
divergenes. Thus the table (4.7) is onvergent. In the example (A.2), it is lear that the olumn
of −Qγ is p-onvergent.
Appendix B: Eulidean propagators
















where I denotes the modied Bessel funtion of the rst kind, while SL denotes the modied
Struve funtion. For |x̂| ≫ ΛLx
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